Abstract. Let n ≥ 2 . We prove a homological stability theorem for the diffeomorphism groups of (4n + 1) -dimensional manifolds, with respect to forming the connected sum with (2n − 1) -connected, (4n + 1) -dimensional manifolds that are stably parallelizable. Our main theorem is analogous to recent results of Galatius and Randal-Williams from [6] and [8] regarding the homological stability of diffeomrphism groups of manifolds of dimension 2n , with respect to forming the connected sums with S n × S n .
1. Introduction 1.1. Main result. Let M be a smooth, compact manifold with non-empty boundary and let dim(M ) = m. We denote by Diff ∂ (M ) the group of self diffeomorphisms of M which fix some neighborhood of the boundary pointwise, topologized in the C ∞ -topology. Let BDiff ∂ (M ) denote the classifying space of Diff ∂ (M ). Choose a closed manifold W with dim W = m. There is a natural stabilization homomorphism Diff ∂ (M ) → Diff ∂ (M #W ) which gives rise to the direct system of maps of the classifying spaces:
In this paper we study the homological stability of this direct system in the case when M and W are odd-dimensional, highly connected manifolds. Here is the main result of this paper: Theorem 1.1. Let M be a 2-connected, (4n + 1)-dimensional, compact manifold with non-empty boundary, where n ≥ 2. Let W be a closed, (2n − 1)-connected, (4n + 1)-dimensional manifold which satisfies the following:
• W is stably parallelizable,
• the homology group H 2n (W ; Z) has no 2-torsion.
Then the homology group H ℓ (BDiff ∂ (M #W #g ); Z) is independent of the integer g if g ≥ 2ℓ + 3.
Remark 1.1. This result yields an odd-dimensional analogue of the theorem of Galatius and RandalWilliams from [6] and [8] , regarding the homological stability of diffeomorphism groups of manifolds of dimension 2n with respect to forming connected sums with S n × S n . The special case of Theorem 1.1 when W = S 2n × S 2n+1 , follows from [18, Theorem 1.3].
1.2. (2n − 1)-connected, (4n + 1)-dimensional manifolds. Let us first fix some notation that we will use throughout the paper. Let W 4n+1 denote the set of all (2n − 1)-connected, (4n + 1)-dimensional, compact manifolds. LetW 4n+1 ⊂ W 4n+1 denote the subset of those manifolds that are closed, let W S 4n+1 ⊂ W 4n+1 denote the subset of those manifolds that are stably-parallelizable, and letW S 4n+1 denote the intersection W S 4n+1 ∩W 4n+1 . In order to prove Theorem 1.1, we will need to analyze the diffeomorphism invariants associated to elements of W 4n+1 . For M ∈ W 4n+1 , let π τ 2n (M ) ≤ π 2n (M ) denote the torsion subgroup. The primary diffeomorphism invariant associated to M is the linking form, which is a skew-symmetric, bilinear pairing
which is non-singular in the case that M is closed. For n ≥ 2, the classification of manifolds in W 4n+1 was studied by Wall in [23] . Recall that two closed manifolds M 1 and M 2 are said to be almost diffeomorphic if there exists a homotopy sphere Σ such that M 1 #Σ is diffeomorphic to M 2 . It follows from Wall's classification theorem [23, Theorem 7] , that two elements M 1 , M 2 ∈W S 4n+1 are almost diffeomorphic if and only if there exists an isomorphism, π τ 2n (M 1 ) ∼ = −→ π τ 2n (M 2 ) that preserves the linking form b. Furthermore, given any finite abelian group G equipped with a non-singular, skew-symmetric bilinear form b ′ : G ⊗ G −→ Q/Z, there exists a manifold M ∈W S 4n+1 such that there is an isomorphism of forms, (π τ 2n (M ), b) ∼ = (G, b ′ ). We use the classification result discussed above to specify certain elements ofW S 4n+1 . For each integer k ≥ 2, fix a manifold W k ∈W S 4n+1 whose linking-form (π τ 2n (W k ), b) is given by the data,
where ρ, σ is the standard basis for Z/k⊕Z/k . It follows from [23, Theorem 7] and the classification of skew symmetric forms over Q/Z in [21, Lemma 7] , that any element M ∈W S 4n+1 is diffeomorphic to a manifold of the form
where Σ is a homotopy sphere.
Remark 1.2. It follows from these classification results, [23, Theorem 7] and [21, Lemma 7] , that if k and ℓ are relatively prime, then W k #W ℓ ∼ = W k·ℓ . In this way, the (almost) diffeomorphism classification ofW S 4n+1 mirrors the classification of finitely generated abelian groups. Thus it will suffice to restrict our attention to the manifolds W k in the case that k = p j for a prime number p. 
We will refer to this map as the k -th stabilization map. Let r k (M ) be the quantity defined by, Using the diffeomorphism classification for manifolds inW S 4n+1 described in Section 4, the following result, combined with [18] implies Theorem 1.1. This is the main homological stability result that we prove here. Theorem 1.2. For n ≥ 2, let M be a 2-connected, compact, (4n + 1)-dimensional manifold with non-empty boundary. If k > 2 is an odd integer, then the map on homology induced by (1.2),
is an isomorphism if 2ℓ ≤ r k (M ) − 3 and an epimorphism when 2ℓ ≤ r k (M ) − 1.
1.3. Methodology. Our methods are similar to those used in [6] and [8] . For any integer k ≥ 2, we construct a highly connected, semi-simplicial space X • (M ) k , which admits an action of the topological group Diff ∂ (M ) that is transitive on the zero-simplicies. Let W ′ k denote the manifold with boundary obtained from W k by removing an open disk. Roughly, the space of p-simplices of X • (M ) k is defined to be the space of ordered (p+1)-tuples of pairwise disjoint embeddings W ′ k ֒→ M , with a certain pre-prescribed boundary condition. This semi-simplicial space is similar to the ones constructed in [6] and [8] . The majority of the technical work of this paper is devoted to proving that if M is 2-connected and k is odd, then the geometric realization |X(M ) k | is 1 2 (r k (M )−4)-connected. This is established in Section 8.
In order to prove that |X • (M ) k | is 1 2 (r k (M ) − 4)-connected, we must compare it to an auxiliary simplicial complex L(π τ 2n (M )) k , based on the linking form associated to M . A p-simplex of L(π τ 2n (M )) k is defined to be a set of (p + 1)-many, pairwise orthogonal morphisms of linking forms (π τ 2n (W ′ k ), b) −→ (π τ 2n (M ), b), which mimic the pairwise disjoint embeddings W ′ k → M from the semi-simplicial space X • (M ) k . In Section 3.2, we prove that the geometric realization |L(π τ 2n (M )) k | is 1 2 (r k (M ) − 4)-connected (see Theorem 3.6). The proof of this theorem is very similar to the proof of [8, Theorem 3.2] . One can view this as a "mod k "-version of a result of Charney from [5] .
In order to prove that |X • (M ) k | is To solve this realizability problem, we will need a suitable geometric model for the linking form based on Z/k -manifolds and their intersections. This approach to the linking form is similar to the one taken by Morgan and Sullivan in [20] . The main technical devise that we develop is a certain modulo-k version of the Whitney trick for modifying the intersections of embedded or immersed Z/k -manifolds by ambient isotopy, see Theorems 7.2 and 10.6. In Section 11 we develop some results regarding the immersions and embeddings of Z/k -manifolds. These results, along with Theorems 7.2 and 10.6 could be of independent interest. Remark 1.3. Our main results require the integer k to be odd. The source of this restriction on the integer k is the technical result, Theorem 10.6. If this theorem were to be upgraded to include the case that k is even, then Theorem 1.2 would hold for the case that k is even as well.
1.4. Organization. Section 2 is a recollection of some basic definitions and results about simplicial complexes and semi-simplicial spaces from [8] . In Section 3 we give an algebraic treatment of the linking form. In Section 4 we describe the diffeomorphism classification of the manifolds inW S 4n+1 . In Sections 5, 6, and 7 we give the necessary background on Z/k -manifolds used in the proof of Theorem 1.2. In these three sections we state all of the necessary technical results regarding the intersections of immersions and embeddings of Z/k -manifolds, and we put off most of the difficult proofs until until Sections 10, 11 and the appendix. In Section 8 we construct the primary semi-simplical space X • (M ) k and prove that its geometric realization is highly connected. In Section 9 we show how high-connectivity of |X • (M ) k | implies Theorem 1.2. In Sections 10, 11 and the appendix, we prove several technical results regarding the intersections of immersions and embeddings of Z/k -manifolds that were used earlier in the paper.
1.5. Acknowledgments. This paper forms part of the author's doctoral thesis at the University of Oregon. The author thanks Boris Botvinnik, his thesis advisor, for suggesting this particular problem and for the many useful discussions relating to this project.
Simplicial Techniques
In this section we recall a number of simplicial techniques that we will need to use throughout the paper. We will need to consider a variety of different simplicial complexes and semi-simplicial spaces.
2.1. Cohen-Macaulay complexes. Let X be a simplicial complex. Recall that the link of a simplex σ < X is defined to be the sub-simplicial complex of X consisting of all simplices that are adjacent to σ but which do not occur as a face of σ . We denote the link of the simplex σ by lk X (σ). Definition 2.1. A simplicial complex X is said to be weakly Cohen-Macaulay of dimension n if it is (n − 1)-connected and the link of any p-simplex is (n − p − 2)-connected. In this case we write ωCM (X) ≥ n. The complex X is said to be locally weakly Cohen-Macaulay of dimension n if the link of any simplex is (n − p − 2)-connected (but no global connectivity is required on X itself). In this case we shall write lCM (X) ≥ n.
We will need to use the important following two results from [8, Section 2.1], the first of which is a generalization of the "Coloring Lemma" of Hatcher and Wahl from [9, Lemma 3.1].
Theorem 2.1. Let X be a simplicial complex with lCM (X) ≥ n, f : ∂I n → |X| be a map which is simplicial with respect to some PL triangulation of ∂I n , and h : I n → |X| be a null-homotopy of f . Then the triangulation extends to a PL triangulation of I n , and h is homotopic relative to ∂I n to a simplicial map g : I n → |X| with the property that g is simplex-wise injective on the interior. Proposition 2.2. Let X be a simplicial complex, and Y ⊂ X be a full subcomplex. Let n be an integer with the property that for each p-simplex σ < X , the complex Y ∩ lk X (σ) is (n − p − 1)-connected. Then the inclusion |Y | ֒→ |X| is n-connected.
2.2.
Topological flag complexes. We will need to work with a certain class of semi-simplicial spaces called topological flag complexes (see [7, Definition 6 .1]). Definition 2.2. Let X • → X −1 be an augmented semi-simplicial space. We say it is a topological flag complex if for each integer p ≥ 0, i. the map X p −→ (X 0 ) ×(p+1) to the (p+1)-fold product (which takes a p-simplex to its (p+1) vertices) is a homeomorphism onto its image, which is an open subset, ii. a tuple (v 0 , . . . , v p ) ∈ (X 0 ) ×(p+1) lies in the image of X p if and only if (v i , v j ) ∈ X 1 for all i < j .
If X • is a topological flag complex, we may denote any p-simplex x ∈ X p by a (p + 1)-tuple (x 0 , . . . , x p ) of zero-simplices. Definition 2.3. Let X • be a topological flag complex and let x = (x 0 , . . . , x p ) ∈ X p be a psimplex. The link of x, denoted by X • (x) ⊂ X • , is defined to be the sub-semi-simplicial space whose l -simplices are given by the space of all ordered lists (y 0 , . . . , y l ) ∈ X l such that
It is easily verified that the link X • (x) is a topological flag complex as well. The topological flag complex X • is said to be weakly Cohen-Macaulay of dimension n if its geometric realization is (n − 1)-connected and if for any p-simplex x ∈ X p , the geometric realization of the link |X • (x)| is (n − p − 2)-connected. In this case we write ωCM (X • ) ≥ n.
The main result from this section is a result about the discretization of a topological flag complex.
Definition 2.4. Let X • be a semi-simplicial space. Let X δ • be the semi-simplicial set defined by setting X δ p equal to the discrete topological space with underlying set equal to X p , for each integer p ≥ 0. We will call the semi-simplicial set X δ
• the discretization of X • .
The following theorem is proven by repackaging several results from [8] , in particular see the proof of [8, Theorem 5.5] .
Theorem 2.3. Let X • be a topological flag complex and suppose that ωCM
Proof of Theorem 2.3. For integers p, q ≥ 0, let Y p,q = X p+q+1 be toplogized as a subspace of
This doubly augmented bi-semi-simplicial space is analogous to the one considered in [8, Definition 5.6]. Let ι : X δ • −→ X • be the map induced by the identity. By [8, Lemma 5.7] , there exists a homotopy of maps,
Consider the map
2) is a Serre microfibration. For any x ∈ X p , the fibre over x is equal to the space |X δ • (x)|, where X δ
• (x) is the link of the p-simplex x, as defined in Definition 2.3. Since ωCM (X δ • ) ≥ n, this implies that the fibre of (2.2) over any x ∈ X p is (n − p − 2)-connected. Using the fact that this map is a Serre-microfibration, [8, Proposition 2.6] then implies that (2.2) is (n − p − 1)-connected. It then follows by [8, Proposition 2.7] that the map
The homotopy from (2.1) implies that the map |ι| : |X δ • | −→ |X • | induces a surjection on homotopy groups π j ( ) for all j ≤ n − 1. The proof of the theorem then follows from the fact that |X δ
• | is (n − 1)-connected by hypothesis.
3. Algebra 3.1. Linking forms. The basic algebraic structure that we will encounter is that of a bilinear form on a finite abelian group. For ǫ = ±1, a triple (M, b, ǫ) is said to be a (ǫ-symmetric) linking form if G is a finite abelian group and b : M ⊗ M −→ Q/Z is an ǫ-symmetric bilinear map. A morphism between linking forms is defined to be a group homomorphism f :
We denote by L ǫ the category of all ǫ-symmetric linking forms. By forming direct sums, L ǫ obtains the structure of a monoidal category.
Notation 3.1. We will usually denote linking forms by their underlying abelian group. We will always denote the bilinear map by b. If more than one linking form is present, we will decorate b with a subscript so as to eliminate ambiguity.
For M a linking form and N ≤ N a subgroup, N automatically inherits the structure of a sublinking form of M by restricting b M to N. We will denote by N ⊥ ≤ M the orthogonal compliment to N in M. Two sub-linking forms
the sub-linking form given by the sum N 1 + N 2 . If M 1 and M 2 are two linking forms, the direct sum M 1 ⊕ M 2 obtains the structure of a linking form in a natural way by setting
We will always assume that the direct sum M 1 ⊕ M 2 is equipped with the linking form structure given by (3.1).
An element M ∈ Ob(L ǫ ) is said to be non-singular if the duality homomorphism
is an isomorphism of abelian groups. We will mainly need to consider the case where ǫ = −1.
We denote by L s −1 the full subcategory of L −1 consisting of linking forms that are strictly skew symmetric, or in other words L s −1 is the category of all linking forms M for which b M (x, x) = 0 for all x ∈ M.
We proceed to define certain basic, non-singular elements of L s −1 as follows. For a positive integer k ≥ 2, let W k denote the abelian group Z/k ⊕ Z/k . Let ρ and σ denote the standard generators (1, 0) and (0, 1) respectively. We then let b : W k −→ Q/Z be the −1-symmetric bilinear form determined by the values
With b defined in this way, it follows that W k is a non-singular object of L s −1 . It follows easily that if k and ℓ are relatively prime, then W k ⊕ W l and W k·ℓ are isomorphic as objects of L s −1 . For g ≥ 2 an integer, we will let W g k denote the g -fold direct sum (W k ) ⊕g . For k ∈ N let C k denote the cyclic subgroup of Q/Z generated by the element 1/k mod 1. Any group homomorphism h : W k −→ Q/Z must factor through the inclusion, C k ֒→ Q/Z. Hence, it follows that the duality map from (3.2) induces an isomorphism of abelian groups,
Lemma 3.1. Let k ≥ 2 be a positive integer and let M ∈ Ob(L s −1 ). Then any morphism f : W k −→ M is split injective and there is an orthogonal direct sum decomposition,
Proof. Let x and y denote the elements of M given by f (ρ) and f (σ) respectively where ρ and σ are the standard generators of W k . Let T : M −→ Hom(M, Q/Z) denote the duality map from (3.2). Since both x and y have order k , it follows that the homomorphisms
factor through the inclusion C k ֒→ Q/Z. Define a group homomorphism (which is not a morphism of linking forms) by
It is clear that kernel of ϕ is the orthogonal compliment f (W k ) ⊥ and that the morphism f : W k −→ M gives a section of ϕ. This completes the proof.
The following theorem is a specialization of the classification theorem of Wall from [21, Lemma 7] . The classification of objects of L s −1 is analogous to the classification of finite abelian groups. Theorem 3.2. Let M ∈ Ob(L s −1 ) be non-singular. Then there is an isomorphism,
where p j is a prime number and l j and n j are positive integers for j = 1, . . . , r . Furthermore, the above direct sum decomposition is unique.
We now define a notion of rank for linking forms analogous to (1.3).
Definition 3.1. Let M be a linking form and let k ≥ 2 be a positive integer. We define the k -rank of M to be the quantity, r k (M) = max{g ∈ N | there exists a morphism, W g k → M}. We then define the stable k -rank of M to be the quantity,
Proof. This follows immediately from the orthogonal splitting 
The main result that we will prove about the above complex is the following theorem. The proof is very similar to the proof of [8, Theorem 3.2] . 
Proof. We will prove that for any v ∈ W g+1 k , there is an automorphism ϕ : 
and f (W k ) are non-singular, it follows that the orthogonal compliment f (W k ) ⊥ is nonsingular as well. It then follows from the classification theorem (Theorem 3.2) that there exists an isomorphism h :
. This concludes the proof of the proposition. 
Proof. Since r k (M) ≥ g , we have a morphism f :
is contained in the kernel of the homomorphism given by the composition,
is contained in the kernel of ϕ and thus r k (Ker(ϕ)) ≥ g − 1.
Now suppose thatr k (M) ≥ g and let ϕ : M −→ C k be given. It follows that r k (M ⊕ W j k ) ≥ g for some integer j ≥ 0. Consider the mapφ given by the composition,
By the result proven in the first paragraph,
This completes the proof of the corollary.
The next proposition yields the first non-trivial case of Theorem 3.6.
Proof. Let us first make the slightly stronger assumption that r k (M) ≥ 4. It follows that there exists some morphism f 0 :
, where the first map is the inclusion and the second is orthogonal projection. The kernel of this map is the intersection
It follows that the sets {f 0 , f } and {f 0 , f ′ } are both 1-simplices, and so there is a path of length 2 from f to f ′ . Now suppose thatr k (M) ≥ 4. We then have an isomorphism of linking forms
k is connected for all j ≥ 0, and so we may apply Proposition 3.5 inductively to deduce that M ∼ = N and thus r k (M) ≥ 4. We then apply the result of the first paragraph to conclude that L(M) k is connected.
for some integer j and linking form N such that r k (N) ≥ 2. We may then inductively apply Proposition 3.5 to obtain an isomorphism
This concludes the proof of the proposition.
Proof of Theorem 3.6. We proceed by induction on g . The base case of the induction, which is the case of the theorem where g = 4 andr(M) ≥ 4, follows immediately from Proposition 3.9. Now suppose that the theorem holds for the g − 1 case. Let M be a linking form withr k (M) ≥ g and g ≥ 4. By Proposition 3.9 there exists a morphism f : W k −→ M and by Corollary 3.3 it follows
The composition is null-homotopic since the vertex in L(M) k determined by the morphism f :
-connected, we apply Proposition 2.2 to the maps i 1 and i 2 with n :
. Since L(M ′ ) k is (n − 1)-connected by the induction assumption, this together with the fact that
The linking form on the subgroup f (σ) ≤ M ′ is trivial and thus it follows that the projection homomorphism, π :
, and it follows easily that i 1 is a section ofπ . There is an equality of simplicial complexes,
Sincer k (M ′ ) ≥ g − 1, the induction assumption implies that the above complex is
Note that the subgroup
Passing to the kernel of b( , f (σ))| M ′′ reduces the stable k -rank by 1, and so we haver
By the induction assumption, the connectivity of (3.6) is at least
By Proposition 2.2, the inclusion i 2 is n-connected. Combining with the previous paragraph implies that
inductively in exactly the same way as in the proof of [8, Theorem 3.2] . This concludes the proof of the theorem. 
is a (−1) s+1 -symmetric linking form in the sense of Section 3.1 and we will refer to it as the homotopical linking form associated to M . In the case that M is (s − 1)-connected, the homotopical linking form is isomorphic to the homological linking form by the Hurewicz theorem.
4.2.
The classification theorem. We are mainly interested in manifolds which are (4n + 1)-dimensional with n ≥ 2. In this case the homological (and homotopical) linking form is antisymmetric. It follows from this that b(x, x) = 0 whenever x is of odd order. The following lemma of Wall from [23] implies that for (4n + 1)-dimensional manifolds for n ≥ 2, the linking form is strictly skew symmetric.
The following theorem is a specialization of Wall's classification theorem [23, Theorem 7] .
4n+1 are almost diffeomorphic if and only if: i. There is an isomorphism of Q-vector spaces,
ii. There is an isomorphism of linking forms,
Furthermore, given any Q-vector space V and non-singular linking form M ∈ L s − , there exists an
Using the above classification theorem and the classification of skew symmetric linking forms from Theorem 3.2, we may specify certain basic manifolds. For each integer k ≥ 2, fix a manifold W k ∈W S 4n+1 which satisfies:
(a) the homotopical linking form associated to
It follows from Theorem 4.2 that every element ofW S 4n+1 is almost diffeomorphic to the connected sum of copies of W k and copies of S 2n × S 2n+1 . The manifolds W k are the subject of our main result, Theorem 1.2. 
Z/k -Manifolds

Basic Definitions.
One of the main tools we will use to study the diffeomorphism groups of odd dimensional manifolds will be manifolds with certain types of Baas-Sullivan singularities, namely Z/k -manifolds (which in this paper we refer to as k -manifolds). We will use these manifolds to construct a geometric model for the linking form. Here we give an overview of the definition and basic properties of such manifolds. For further reference on Z/k -manifold or manifolds with general Baas-Sullivan singularities, see [2] , [4] , and [20] .
Definition 5.1. Let k be a positive integer. Let P be a p-dimensional manifold equipped with the following extra structure:
i. The boundary of P has the decomposition, ∂P = ∂ 0 P ∪ ∂ 1 P where ∂ 0 P and ∂ 1 P are (p − 1)-dimensional manifolds with boundary and
There is a manifold βP and diffeomorphism, Φ :
where k is the 0-dimensional manifold given by the discrete set of k -many points.
With P , βP, and Φ as above, the pair (P, Φ) is said to be a k -manifold. The diffeomorphism Φ is referred to as the structure-map and the manifold βP is called the Bockstein.
Notational Convention 5.1. We will usually drop the structure-map from the notation and denote P := (P, Φ). We will always denote the structure-map associated to a k -manifold by the same capital greek letter Φ. If another k -manifold is present, say Q, we will decorate the structure map with the subscript Q, i.e. Φ Q .
Any smooth manifold M is automatically a k -manifold by setting ∂ 0 M = ∂M , ∂ 1 M = ∅, and βM = ∅. Such a k -manifold M with ∂ 1 M = ∅, βM = ∅ is said to be non-singular. Now, let P be a k -manifold as in the above definition. Notice that the diffeomorphism Φ maps the submanifold ∂ 0,1 P ⊂ ∂ 1 P diffeomorphically onto ∂(βP ). In this way, if we set
the pair ∂ 0 P := (∂ 0 P, Φ| ∂ 0,1 P ) is a k -manifold. We will refer to ∂ 0 P as the boundary of P . If ∂ 0 P = ∅, then P is said to be a closed k -manifold. Given a k -manifold P , one can construct a manifold with cone-type singularities in a natural way.
Definition 5.2. Let P be a k -manifold. LetΦ : ∂ 1 P −→ βP be the map given by the composition
/ / βP. We define P to be the quotient space obtained from P by identifying any two points x, y ∈ ∂ 1 P if and only ifΦ(x) =Φ(y).
We will need to consider maps from k -manifolds to non-singular manifolds.
Definition 5.3. Let P be a k -manifold and let X be a topological space. A map f : P −→ X is said to be a k -map if there exists a map f β : βP → X such that the restriction of f to
/ / X, whereΦ : ∂ 1 P −→ βP is the map from Definition 5.2. Clearly the map f β is uniquely determined by f .
We denote by Maps k (P, X) the space of k -maps P → M , topologized as a subspace of Maps(P, X). It is immediate that any k -map f : P → X induces a unique map f : P −→ X and that the correspondence, f → f induces a homeomorphism, Maps k (P, X) ∼ = Maps( P , X). Throughout the paper we will denote byf : P −→ Y , the map induced by the k -map f . In the case that X is a smooth manifold, f is said to be a smooth k -map if both f and f β are both smooth.
5.2.
Bordism of k -manifolds. We will need to consider the oriented bordism groups of kmanifolds. For a space X and non-negative integer j , we denote by Ω SO j (X) k the bordism group of j -dimensional, oriented k -manifolds associated to X . We refer the reader to [4] and [20] for precise details of the definitions. We have the following Theorem from [4] .
Theorem 5.1. For any space X and integer k ≥ 2, there is a long exact sequence:
where ×k denotes multiplication by the integer k , j k is induced by inclusion (since an oriented smooth manifold is an oriented k -manifold), and β is the map induced by P → βP .
It is immediate from the above long exact sequence that for all integers k ≥ 2, there are isomorphisms
is uniquely determined up to homotopy by the calculation,
For a space X , we denote by π n (X; Z/k) the set of based homotopy classes of maps
is a suspension when n ≥ 2, the set π n (X; Z/k) has the structure of a group, which is abelian when n ≥ 3. For integers n, k ≥ 2, we define a k -manifold which will play the role of the sphere in the category of k -manifolds.
k denote the manifold obtained from S n by removing the interior of Φ ′ (D n × k ) from S n . The inverse of the restriction of the map Φ ′ to ∂D n × k induces a diffeomorphism, Φ : ∂V n k ∼ = −→ S n−1 × k . By setting βV n k = S n−1 , the above diffeomorphism Φ gives V n k the structure of a closed k -manifold. Let V n k denote the singular space obtained from V n k as in Definition 5.
2. An elementary calculation shows that,
if j = 1, and
where Z ⋆(k−1) denotes the free group on (k − 1)-generators. It follows that the Moore-space M (Z/k, n − 1) can be constructed from V n k by attaching (k − 1)-many 2-cells, one for each generator of the fundamental group. This yields the following result.
Lemma 5.2. Let X be a 2-connected space and let k ≥ 2 and n ≥ 3 be integers. The inclusion
Proof. Since X simply connected, any map V n k −→ X extends to a map M (Z/k, n − 1) −→ X and since X is 2-connected, it follows that any such extension is unique up to homotopy. This proves that the inclusion
The lemma then follows from composing this bijection with the natural bijection, π 0 (Maps k (V n k , X))
). Corollary 5.3. Let X be a 2-connected space and let k ≥ 2 and n ≥ 3 be integers. Let x ∈ π n−1 (X) be an element of order k . Then there exists a k -map f : V n k −→ X such that the associated map
It follows from the construction of the the map ∂ in the above long exact sequence that the diagram,
commutes, where the upper horizontal map is the bijection from Lemma 5.2. The result then follows from commutativity of this diagram.
5.4.
Immersions and embeddings of k -manifolds. We will need to consider immersions and embeddings of a k -manifold into a smooth manifold. For what follows, let P be a k -manifold and let M be a manifold.
Definition 5.4. A k -map f : P −→ M is said to be a k -immersion if it is an immersion when considering P as a smooth manifold with boundary. Two k -immersions f, g : P −→ M are said to be regularly homotopic if there exists a homotopy
In addition to immersions we will mainly need to deal with embeddings of k -manifolds.
The main result about k -embeddings is the following. The proof is given in Section 11.6, using the techniques developed throughout all of Section 11 and the rest of the paper.
Theorem 5.4. Let n ≥ 2 be an integer and let k > 2 be an odd integer. Let M be a 2-connected, oriented manifold of dimension 4n + 1. Then any k -map f :
The following corollary follows immediately by combining Theorem 5.4 with Corollary 5.3.
Corollary 5.5. Let n ≥ 2 be an integer and let k > 2 be an odd integer. Let M be a 2-connected, oriented manifold of dimension 4n + 1. Let x ∈ π 2n (M ) be a class of order k . Then there exists a k -embedding f : V 2n+1 k −→ M such that the embedding f β : S 2n −→ M is a representative of the class x.
k, l -Manifolds
We will have to consider certain spaces with more complicated singularity structure than that of the k -manifolds encountered in the previous section.
Definition 6.1. Let k and l be positive integers. Let N be a smooth d-dimensional manifold equipped with the following extra structure:
i. The boundary ∂N has the decomposition,
-dimensional manifolds, and
ii. There exist manifolds β 1 N, β 2 N, and β 1,2 N , and diffeomorphisms
such that the maps
are identical on the direct factors of k and l respectively. With the above conditions satisfied, the 4-tuple N := (N, Φ 1 , Φ 2 , Φ 1,2 ) is said to be a k, l -manifold of dimension d.
Remark 6.1. The above definition is a specialization of Σ-manifold from [4, Definition 1.1.1] and a generalization of the definition of k -manifold. In fact, any k -manifold P is a k, l -manifold with β 2 P = ∅.
As for the case with k -manifolds, we will drop the structure maps Φ 1 , Φ 2 , Φ 1,2 from the notation and denote N := (N, Φ 1 , Φ 2 , Φ 1,2 ). The manifold ∂ 0 W is referred to as the boundary of the k, l -manifold and is a k, l -manifold in its own right. A k, l -manifold N is said to be closed
From a k, l -manifold N , one obtains a manifold with cone-type singularities in the following way.
We define N to be the quotient space obtained from N by identifying two points x, y if and only if for i = 1 or 2, both x and y are in ∂ i W andΦ i (x) =Φ i (y).
6.1. Oriented k, l -Bordism. We will need to make use of the oriented bordism groups of k, lmanifolds. For any space X and non-negative integer j , we denote by Ω SO j (X) k,l the j -th k, lbordism group associated to the space X . We refer the reader to [4] for details on the definition. There are maps
defined by sending a k, l -manifold N to β 1 N and β 2 N respectively. We also have maps
defined by considering a k -manifold or an l -manifold as a k, l -manifold. We have the following theorem from [4] . Theorem 6.1. The following sequences are exact,
The basic calculations coming directly from this long exact sequence is the following.
Corollary 6.2. For any two integers k, l ≥ 2 we have the following isomorphisms,
We will need to consider 1-dimensional k, k -manifolds. They will arise for us as the intersections of (n + 1)-dimensional k -manifolds immersed in a (2n + 1)-dimensional manifold. Denote by A k the space [0, 1] × k . By setting
A k naturally has the structure of a closed k, k -manifold with, β 1 A k = 1 = β 2 A k . We denote by +A k the oriented k, k -manifold with orientation induced by the standard orientation on [0, 1]. We denote by −A k the k, k -manifold equipped with the opposite orientation. It follows that (6.1)
Using the fact that the map
is an isomorphism, we have the following proposition.
where X is some null-bordant k -manifold.
Intersections
In this section and the next two sections after, we will discuss the intersections of embeddings of k -manifolds.
Preliminaries.
Here we review some of the basics about intersections of embedded smooth manifolds. We will need the following terminology.
Definition 7.1. Let M be a manifold. We will call a smooth, one parameter family of diffeomorphisms Ψ t : M −→ M with t ∈ [0, 1] and Ψ 0 = Id M a diffeotopy. For a subspace N ⊂ M , we say that Ψ t is a diffeotopy relative N , and we write
For what follows, let M , X , and Y be oriented smooth manifolds of dimension m, r , and s respectively and let t denote the integer r + s − m. Let
be smooth, transversal maps such that ϕ(∂X) ∩ ψ(∂Y ) = ∅ (for these two maps to be transversal, we mean that the product map ϕ × ψ :
The orientations on X , Y , and M induce an orientation on ϕ ⋔ ψ and thus ϕ ⋔ ψ determines a bordism class in Ω SO t (pt.) which we denote by Λ t (ϕ, ψ; M ). It follows easily that,
7.2. Intersections of k -Manifolds. We now proceed to consider intersections of k -manifolds. Let M be an oriented manifold of dimension m, let X be an oriented manifold of dimension r , and let P be an oriented k -manifold of dimension p. Let t denote the integer r + p − m. Let
be a smooth map and a smooth k -map respectively. Suppose that f and ϕ are transversal and that f (∂ 0 P ) ∩ ϕ(∂X) = ∅ (when we say that f and ϕ are transversal, we mean that both f and f β are transverse to ϕ as smooth maps). The pull-back,
has the structure of a closed k -manifold as follows. We denote,
It follows that f ⋔ ϕ has the structure of a k -manifold of dimension t = p + r − m. Furthermore, f ⋔ ϕ inherits an orientation from the orientations of X , P and M .
Definition 7.2. Let f : (P, ∂ 0 P ) −→ (M, ∂M ) and ϕ : (X, ∂X) −→ (M, ∂M ) be exactly as above. We define Λ t k (f, ϕ; M ) ∈ Ω SO t (pt.) k to be the oriented bordism class determined by the pull-back f ⋔ ϕ and its induced orientation.
Recall from Section 5 the Bockstein homomorphism, β : Ω SO t (pt.) k −→ Ω SO t−1 (pt.). We have the following proposition.
is the bordism class defined in Section 7.1.
7.3.
A modulo-k version of the Whitney trick. We now discus a certain version of the Whitney trick for k -manifolds that we prove in the appendix. Let M be an oriented manifold of dimension m, let X be an oriented manifold of dimension r , and let P be an oriented k -manifold of dimension p. Suppose that:
• both P and Q are path-connected,
be a smooth embedding and a k -embedding respectively such that ϕ(∂X) ∩ f (∂ 0 P ) = ∅. We will need to consider the invariant Λ 0
is equal to the algebraic intersection number reduced modulo k , associated to f and ϕ. The following theorem is a version of the Whitney trick for k -manifolds. The proof of this next theorem is given in Appendix A.
Then given any positive integer m, there exists a diffeotopy Ψ t : M −→ M rel ∂M such that,
7.4. k, l -Manifolds and intersections. We now consider the intersection of a k -manifold with an l -manifold. For what follows, let P be an oriented k -manifold of dimension p, let Q be an oriented l -manifold of dimension q , and let M be an oriented manifold of dimension m. Let
be a smooth k -map and a smooth l -map respectively. Suppose that f and g are transversal and that f (∂ 0 P ) ∩ g(∂ 0 ) = ∅ (when we say that f and g are transversal, we mean that f and f β are each transverse to both g and g β as smooth maps). Let t denote the integer p + q − m. We will analyze the t-dimensional submanifold
The transversality condition on f and g implies that the space f ⋔ g , and the subspaces
are all smooth submanifolds. We define
The structure maps, Φ P :
The factorizations,
of the restriction maps f | ∂P and g| ∂Q imply that the diffeomorphisms from (7.2) map the submanifolds
respectively. It follows that f ⋔ g has the structure of an oriented k, l -manifold of dimension t = p + q − m.
∈ Ω SO t (pt.) k,l the bordism class determined by the pull-back f ⋔ g . For the following proposition, recall from Section 5.2 the Bockstein homomorphisms,
∈ Ω SO t (pt.) k,l satisfies the following equations
7.5. Main result about modifying intersections. We now discuss the main result that we will need to use regarding the intersections of k -manifolds. The main case that we will need to consider is the case when k = l and dim(P ) + dim(Q) − dim(M ) = 1. For n ≥ 2, let M be an oriented manifold of dimension 4n + 1 and and let P and Q be oriented k -manifolds of dimension 2n + 1. Let
Suppose further that M , P , and Q are 2-connected.
Theorem 7.4. With f and g the k -embeddings given above, suppose that
We also have:
Both of these results are proven in Section 10 (see Theorem 10.6 and Corollary 10.9). In practice we will need to consider intersections of k embeddings f, g : V 2n+1 k −→ M . We will need to relate Λ 1 k,k (f, g; M ) to the homotopical linking form b :
The following proposition follows easily from the definition of the homological linking form (4.1).
Topological Flag Complexes
In this section we define a series of simplicial complexes and semi-simplicial spaces similar to those used in [8] . 
Let M be a (4n + 1)-dimensional manifold with non-empty boundary. Let a : [0, ∞) × R 4n −→ M be an embedding with a −1 (∂M ) = {0} × R 4n .
Definition 8.1. Let M and a : [0, 1) × R 4n −→ M be as above and let k ≥ 2 be an integer. We define a semi-simplicial space X • (M, a) k as follows:
(i) Let X 0 (M, a) k be the set of pairs (φ, t), where t ∈ R and φ :W k → M is an embedding for which there exists ǫ > 0 such that for (s, z) ∈ [0, ǫ) × D 4n ⊂W k , the equality φ(s, z) = a(s, z + te 1 ) is satisfied, where e 1 ∈ R 4n denotes the first basis vector.
(ii) For an integer p ≤ 0, X p (M, a) k is defined to be the set of ordered (p + 1)-tuples
iii. For each p, the space X p (M, a) k is topologized as a subspace of (Emb(
It is easy to verify that X • (M, a) k is a topological flag complex. For any 0-simplex (φ, t) ∈ X 0 (M, a) k , it follows from condition i. that the number t is determined by the embedding φ. For this reason we will usually drop the number t when denoting elements of X 0 (M, a) k .
We now state two consequences of connectivity of the geometric realization |X • (M, a) k |. The main theorem that we will need is the following. Theorem 8.3. Let n, k ≥ 2 be integers with k odd. Let M be a 2-connected, (4n + 1)-dimensional manifold with non-empty boundary. Let g ∈ N be an integer such that r k (M ) ≥ g . Then the geometric realization
The proof of this theorem will require several intermediate constructions. The proof will be given at the end of the section.
8.2.
The complex of k -embeddings. Fix integers n, k ≥ 2. Let M be a manifold of dimension (4n + 1) with non-empty boundary. Consider transversal k -embeddings ϕ 0 , ϕ 1 : i. For i = 1, . . . , k , fix points
ii.
, and γ i (1) = y.
be the embedding given by the formulā
iv. We define Y n+1 k to be the space obtained by forming the push-out of the diagram,
v. By applying the Mayer-Vietoris sequence and Van Kampen's theorem we compute,
where Z ⋆(k−1) denotes the free-group on (k − 1)-generators.
The next proposition follows easily by inspection.
−→ M such that the transverse pull-back is diffeomorphic to A k as a k, k -manifold. We will denote by Y k (ϕ 0 , ϕ 1 ) the subspace of M given by the union ϕ 0 (V
We now define a simplicial complex based on pairs of k -embeddings, V 2n+1 k → M as above. Definition 8.2. Let M and k be as above. Let K(M ) k be the simplicial complex with vertex set given by the set of all pairs (ϕ 0 , ϕ 1 ) of transverse k -embeddings ϕ 0 , ϕ 1 :
We will need to compare the simplical complex
is the homotopical linking form associated to M , see (4.2). We construct a simplicial map 
, where ρ and η are the standard generators of W k . The disjointness condition from condition ii. of Definition 8.2, implies that this formula preserves all adjacencies and thus yields a well defined simplicial map. It follows easily that for any (4n + 1)-dimensional manifold M and integer k ≥ 2 that
is the k -rank of the linking form (π τ 2n (M ), b) as defined in Definition 3.1 and r k (M ) is the k -rank of the manifold M as defined in the introduction. Lemma 8.5. Let n, k ≥ 2 be integers with k odd. Let M be a 2-connected manifold of dimension 4n + 1. Then the geometric realization
and consider a map h : S l −→ |K(M ) k |, which we may assume is simplicial with respect to some PL triangulation of S l = ∂I l+1 . By Theorem 3.6 the composition ∂I l+1 −→ |K(M ) k | −→ |L(π τ 2n (M )) k | is null-homotopic and so extends to a map H : I l+1 −→ |L(π τ 2n (M )) k |, which we may suppose is simplicial with respect to a PL triangulation of I l+1 , extending the triangulation of its boundary. To prove that |K(M ) k | is 1 2 (g − 4)-connected, it will suffice to construct a liftH of H making the diagram,
. Using Theorem 2.1, as l + 1 ≤ 1 2 (g − 1), we can arrange that H is simplexwise injective on the interior of I l+1 . We choose a total order on the interior vertices of I l+1 and construct the liftH by inductively choosing lifts of each vertex in the image H(Int(I l+1 )) to K(M ) k . For the zero step of the induction, let f : W k −→ π τ 2n (M ) be a morphism of linking forms, which represents a vertex in the image of the map H . Let ρ, η ∈ W k denote the standard generators as in Section 3. The elements f (ρ), f (η) ∈ π τ 2n (M ) have order k and thus by Corollary 5.5 we may choose k -embeddings ϕ 0 , ϕ 1 :
We then may apply Theorem 10.9 so as to obtain an isotopy of ϕ 0 through k -embeddings to a k -embeddingφ 0 , so thatφ 0 ⋔ ϕ 1 ∼ = A k . This establishes the zero step of the induction. Now let f : 
By inductive application of Theorem 7.4, we may choose k -embeddings ϕ 0 , ϕ 1 :
This concludes the inductive step and establishes that |K(M
, and thus by [6 
− p − 1. Using this fact, we then may apply the same technique used in the previous paragraph to the map
and concludes the proof of the proposition.
A Modification of
We will need to make a further modification of Y k (ϕ 0 , ϕ 1 ) as follows. Construction 8.2. Let (ϕ 0 , ϕ 1 ) be as above. Since 2 < dim(M )/2, we may choose an embedding
which satisfies the following conditions: (a)
(b) The maps
represent a minimal set of generators for π 1 (Y k (ϕ 0 , ϕ 1 )), which by Proposition 8.4 is the free group on k − 1 generators.
Given such an embedding G as in (8.5), we denote
It follows from conditions i. and ii. above that Y G k (ϕ 0 , ϕ 1 ) is simply connected and that
It follows that Y G k (ϕ 0 , ϕ 1 ) has the homotopy type of the Moore-space M (Z/k ⊕ Z/k, 2n) and hence is homotopy equivalent to the manifold W ′ k . We will think of Y G k (ϕ 0 , ϕ 1 ) ֒→ M as being a choice of embedding of the (2n + 1)-skeleton of W ′ k into M . Using the construction given above, we define a modification of the simplicial complex K(M ) k . Let M be a (4n + 1)-dimensional manifold with non-empty boundary. Let a : [0, ∞) × R 4n −→ M be an embedding with a −1 (∂M ) = {0} × R 4n . Definition 8.3. LetK(M, a) k be the simplicial complex whose vertices are given by 4-tuples (ϕ, G, γ, t) which satisfy the following conditions:
) is an embedding as in Construction (8.2).
iii. t is a real number.
iv. γ : [0, 1] −→ M is an embedded path which satisfies:
is satisfied, where e 1 ∈ R 4n denotes the first basis vector, and a is the embedding
forms a p-simplex if and only if
There is a simplicial map
Proposition 8.6. Let n, k ≥ 2 be integers with k odd. Let M be a 2-connected, manifold of dimension 4n + 1 and let g ∈ N be such that r k (M ) ≥ g . Then the geometric realization
Proof. The proof of this proposition follows the same strategy as Lemma 8.5. Suppose that
and consider a map h : ∂I l+1 −→ |K(M ) k |, which is simplicial with respect to some triangulation. By Lemma 8.5 the composition ∂I l+1 −→ |K(M ) k | −→ |K(M ) k | is nullhomotopic and so extends to a map H : I l+1 −→ |K(M ) k |, which we may suppose is simplicial with respect to a PL triangulation of I l+1 , extending the triangulation of its boundary. It will suffice to construct a liftH :
. Using Theorem 2.1, as l + 1 ≤ 1 2 (g − 1), we can arrange that F is simplexwise injective on the interior of I l+1 . We choose a total order on the interior vertices of I l+1 and we will now inductively choose lifts of each vertex in the image This establishes that
follows in the same way as in the proof of Lemma 8.5.
Reconstructing embeddings. Let (ϕ, G, γ, t) be a vertex inK(M, a)
k . We will need to consider smooth regular neighborhoods of the subspace
By definition of regular neighborhood, the inclusion map Y G k (ϕ 0 , ϕ 1 ) ֒→ U is a homotopy equivalence (U collapses to Y G k (ϕ 0 , ϕ 1 )). The maps ϕ 0 β , ϕ 1 β : S 2n −→ U represent generators for π 2n (U ) and since
k mod 1 and hence, the linking form (π τ 2n (U ), b) is isomorphic to W k . It follows from Constructions 8.1 and 8.2 that the regular neighborhood U is (2n − 1)-connected. Now, U is homotopy equivalent to the Moore-space M (Z/k ⊕ Z/k, 2n), and so the set of isomorphism classes of (2n + 1)-dimensional vector bundles over U is in bijective correspondence with the set [M (Z/k ⊕ Z/k, 2n), BSO]. Since π 2n (BSO; Z/k) = 0 when ever k is odd, it follows that the tangent bundle T U → U is trivial and thus U ∈ W S 4n+1 . We will show that the boundary ∂U is diffeomorphic to S 4n . Once this is demonstrated, it will follow from the classification theorem, Theorem 4.2 (and Remark 4.1) that U is diffeomorphic to W ′ k . Since U is parallelizable, by [13, Theorem 5.1] it will be enough to show that ∂U is homotopy equivalent to S 4n . From Constructions 8.1, 8.2 and the Universal Coefficient Theorem we have
else.
Using Lefschetz Duality it then follows that
Consider the long exact sequence on homology associated to (U, ∂U ). It follows immediately that ∂U is (2n − 2)-connected and that the long exact sequence reduces to
We claim that the map H 2n (U, Z) → H 2n (U, ∂U ; Z) is an isomorphism. To see this consider the commutative diagram,
In the above diagram the bottom-horizontal map is the Leftshetz duality isomorphism, the right vertical map is the boundary homomorphism in the Bockstein exact sequence (which in this case is an isomorphism), and the top-horizontal map x → b(x, ) is an isomorphism since the homological linking form (H 2n (U ), b) is non-singular. It follows that the map H 2n (U ; Z) → H 2n (U, ∂U ; Z) is indeed an isomorphism and it then follows from the exact sequence of (8.8) that ∂U has the same homology type of S 4n .
To prove that ∂U has the same homotopy type of S 4n , we must show that ∂U is simply connected. To to this it will suffice to show that π 2 (U,
. We then may then find another regular neighborhood
induced by inclusion. Using the uniqueness theorem for smooth regular neighborhoods (see [11] ), it follows that the manifold U \ Int(U ′ ) is an H -cobordism from ∂U to ∂U ′ and so in particular, π 2 (U \ Int(U ′ ), ∂U ) = 0. This proves that [f ] = 0 and thus π 2 (U, ∂U ) = 0 since f was arbitrary. It follows by considering the exact sequence on homotopy groups associated to the pair (U, ∂U ) that ∂U is simply connected. Since ∂U is simply connected and has the homology type of a sphere, it follows that ∂U is a homotopy sphere. It then follows from [13, Theorem 5.1] that ∂U is diffeomorphic to S 4n since ∂U bounds a parallelizable manifold, namely U . This concludes the proof of the lemma.
We now define a new simplicial complex. ii. s is a real number.
ii. Ψ :W k × [s, ∞) −→ M is a smooth family of embeddingsW k ֒→ M that satisfies the following:
(a) for each t ∈ [s, ∞), the embedding Ψ( , t) :
} forms a p-simplex if the associated set {φ 0 , . . . ,φ p } is a p-simplex in the complexK(M, a) k (no extra pairwise condition on the Ψ i and s i are required).
By construction of K(M, a) k , there is a simplicial map,
Proposition 8.8. Let n, k ≥ 2 be integers with k odd. Let M be a compact, 2-connected, manifold of dimension 4n + 1. Let g ∈ N be such that
. Proof. The proof of this proposition again follows the same strategy as Lemma 8.5. Suppose that
and consider a map h : ∂I l+1 −→ | K(M ) k | which is simplicial with respect to some triangulation. By Lemma 8.5 the composition
null-homotopic and so extends to a map H : I l+1 −→ |K(M ) k |, which we may suppose is simplicial with respect to a PL triangulation of I l+1 , extending the triangulation of its boundary. It will suffice to construct a liftH :
. Using Theorem 2.1, as l + 1 ≤ 1 2 (g − 1), we can arrange that H is simplexwise injective on the interior of I l+1 . We choose a total order on the interior vertices of I l+1 and we will inductively choose lifts of each vertex in H(Int(I l+1 )) to K(M ) k . Letφ = (ϕ, G, γ, t) be a vertex ofK(M ) k which is in the image of the interior of I l+1 under H . We will denote
Let U ⊂ M be a regular neighborhood of Y k (φ). Since U collapses to Y k (φ) (by definition of regular neighborhood), we may choose a one-parameter family of embeddings: 
The spaces K p (M, a) k are topologized using the C ∞ -topology on the spaces of embeddings. The
It is easily verified that both K • (M, a) k and K ′
• (M, a) k are topological flag complexes. Proposition 8.9. Let k, n ≥ 2 be integers with k odd. Let M be a 2-connected (4n+1)-dimensional manifold and let g ≥ 0 be such that 
We now consider the inclusion map
represent an element of the relative homotopy group (8.14)
Using condition (c) in Definition 8.4, since D j is compact we may choose a real number s ≥ max{s x i | i = 0, . . . , p, and x ∈ D j }, such that for any
For each x ∈ D j , t ∈ [0, 1], and i = 0, . . . , p, let s x i (t) denote the real number given by the sum
yields a homotopy from the map defined in (8.13) to a map which represents the trivial element in the relative homotopy group (8.14) . This implies that for all p, j ≥ 0, the relative homotopy group (8.14) is trivial and thus the inclusion ) k is a weak homotopy equivalence for all p. 
It follows that the induced map
We then may apply Construction 8.2 to obtain a vertexφ = (ϕ, G, γ, t) ∈K(W k , a) k . Now, the whole manifoldW k is a regular neighborhood for Y k (φ). We may choose a compression isotopy (8.11 ) and which satisfies the same conditions associated to the isotopy (8.11). It follows that (φ, ρ, 0) is an element of K ′ 0 (W k , a) k . Usingφ and the compression isotopy ρ, we then define a simplicial map
It follows that this map is a section of (8.15).
Homological Stability
With our main technical result Theorem 8.3 established, in this section we show how Theorem 8.3 implies the main result of the paper which is Theorem 1.2.
A Model for BDiff
∂ (M ). Let M be a compact manifold of dimension m with non-empty boundary. We now construct a concrete model for BDiff ∂ (M ). Fix a collar embedding, h : [0, ∞) × ∂M −→ M with h −1 (∂M ) = {0} × ∂M . Fix once and for all an embedding, θ : ∂M −→ R ∞ and let S denote the submanifold θ(∂M ) ⊂ R ∞ . Definition 9.1. We define M(M ) to be the set of compact m-dimensional submanifolds
ii. The boundary of M ′ is precisely {0} × S .
iii. M ′ is diffeomorphic to M relative to S . Denote by E(M ) the space of embeddings ψ : M → [0, ∞) × R ∞ for which there exists ǫ > 0 such that ψ • h(t, x) = (t, θ(x)) for all (t, x) ∈ [0, ǫ) × ∂M . The space M(M ) is topologized as a quotient of the space E(M ) where two embeddings are identified if they have the same image.
It follows from Definition 9.1 that M(M ) is equal to the orbit space, E(M )/ Diff ∂ (M ). By the main result of [3] , the quotient map,
is a locally trivial fibre-bundle. This together with the fact that E(M ) is weakly contractible implies that there is a weak-homotopy equivalence, M(M ) ∼ BDiff ∂ (M ). Now suppose that m = 4n + 1 with n ≥ 2. Let k ≥ 2 be an integer. Recall from Section 1 the manifold W k , given by forming the connected sum of [0, 1] × ∂M with W k . Choose a collared embedding α :
Thus, we have a continuous map,
9.2. A Semi-Simplicial Resolution. Let M be as in Section 9.1. We now construct, for each 
By construction, the projection maps Z l (M ) k → M(M ) are locally trivial fibre-bundles with standard fibre given by X l (M ) k . From this we have:
Proof. It follows from [19, Lemma 2.1] that there is a homotopy-fibre sequence
The result follows from the long-exact sequence on homotopy groups. 9.3. Proof of theorem 1.2. We show how to use the semi-simplicial resolution ǫ k : Z • (M ) k → M(M ) to complete the proof of Theorem 1.2. First, we fix some new notation which will make the steps of the proof easier to state. For what follows, let M be a compact (4n + 1)-dimensional manifold with non-empty boundary. Let k > 2 be an odd integer. For each g ∈ N we denote by M g,k the manifold obtained by forming the connected-sum of M with W #g k . Notice that ∂M = ∂M g,k for all g ∈ N. We consider the spaces M(M g,k ). For each g ∈ N, the stabilization map from (9.1) yields a map, ,k ) , Theorem 1.2 translates to the following:
and is an epimorphism when l ≤ 1 2 (g − 1). Since r(M g,k ) ≥ g for g ∈ N, it follows from Corollary 9.1 that the map
With this established, the proof of Theorem 9.2 proceeds in exactly the same way as in [6, Section 5] . We provide an outline for how to complete the proof and refer the reader to [6, Section 5] 
which is defined in exactly the same way as the map from [6, Proposition 5.3] . From [6, Proposition 5.3, 5.4 and 5.5] we have the following.
ii. The following diagram is commutative,
iii. The face maps Consider the spectral sequence associated to the skeletal filtration of the augmented semi-simplicial space
* is the map on homology induced by the ith face map in Z • (M g,k ) k . The group E ∞ j,l is a subquotient of the relative homology group 
when j is even and is equal to zero when j is odd. (c) The term E ∞ j,l is equal to 0 when j + l ≤ 1 2 (g − 2). To complete the proof one uses (c) to prove that the differential d 1 : E 1 2j,l −→ E 1 2j−1,l is an isomorphism when 0 < j ≤ 
Modifying Higher-Dimensional Intersections
We now develop a technique for modifying the intersections of embedded k -manifolds. 10.1. A higher intersection invariant. We recall now a certain construction developed by Hatcher and Quinn in [10] . Let M , X , and Y be smooth manifolds of dimension m, r , and s respectively. Let t = r + s − m. Let ϕ : (X, ∂X) −→ (M, ∂M ) and ψ : (Y, ∂Y ) −→ (M, ∂M ) be smooth maps. Let E(ϕ, ψ) denote the homotopy pull-back of ϕ and ψ . Specifically, this is given by
). Let ν X and ν Y denote the stable normal bundles associated to X and Y . We will need to consider the stable vector bundle over E(ϕ, ψ) given by the Whitney sum,
. We will denote this stable bundle by ν(ϕ, ψ). We will need to consider the normal bordism group Ω fr.
t (E(ϕ, ψ), ν(ϕ, ψ)). Elements of this bordism group are represented by triples (N, f, F ), where N is a t-dimensional closed manifold, f : N −→ E(ϕ, ψ) is a map, and F : ν N −→ ν(ϕ, ψ) is an isomorphism of stable vector bundles covering the map f . Now, suppose that the maps ϕ and ψ are transversal. Consider the pullback ϕ ⋔ ψ ⊂ X × Y and the map ι ϕ,ψ : ϕ ⋔ ψ −→ E(ϕ, ψ), (x, y) → (x, y, c ϕ(x) ), where c ϕ(x) is the constant path at point ϕ(x). Let ν ϕ⋔ψ denote the stable normal bundle associated to the pull-back ϕ ⋔ ψ . The following is given in [10, Proposition 2.1] (see also the discussion on Pages 331-332).
Proposition 10.1. There is a natural bundle isomorphismι ϕ,ψ : ν ϕ⋔ψ ∼ = −→ ν(ϕ, ψ), determined uniquely by the homotopy classes of ϕ and ψ , that covers the map ι ϕ,ψ . In this way, the triple (ϕ ⋔ ψ, ι ϕ,ψ ,ι ϕ,ψ ) determines a bordism class in Ω fr.
t (E(ϕ, ψ), ν(ϕ, ψ)). The bordism group Ω fr.
t (E(ϕ, ψ), ν(ϕ, ψ)) can be quite difficult to compute in general. However, in the case that the manifolds X , Y , and M are highly connected, the group Ω fr.
t (E(ϕ, ψ), ν(ϕ, ψ)) reduces to something much more simple. The following proposition is proven in [10, Section 3] . 
In the case that X , Y , and M are (t + 1)-connected, we will denote by α t (ϕ, ψ; M ) ∈ Ω fr. t (pt.) the image of the bordism class in Ω fr.
t (E(ϕ, ψ), ν(ϕ, ψ)) associated to ϕ ⋔ ψ under the isomorphism of the previous proposition. The following is proven in [10, Theorem 2.2] (and in [22] ). 
Remark 10.1. In [10] the above theorem is only explicitly proven in the case when X and Y are closed manifolds, though their proof can easily by strengthened to yield the relative version for manifolds with boundary as stated above. In [24] , a proof of the relative version stated exactly as above is given.
There is a particular application of the above theorem that we will need to use. Let M and Y be oriented manifolds of dimension m and s respectively and let ψ : (Y, ∂Y ) −→ (M, ∂M ) be an embedding. Let r = m − s and let ϕ : S r −→ Int(M ) be a smooth map transverse to ψ(Y ) ⊂ M . Let j ≥ 0 be an integer strictly less than r and let f : S r+j −→ S r be a smooth map. Denote by (10.1)
j (pt.) the Pontryagin-Thom isomorphism. The following lemma shows how to compute α j (ϕ • f, ψ; M ) in terms of α 0 (ϕ, ψ, M ) and the image of [f ] ∈ π r+j (S r ) under the map P j .
Lemma 10.4. Let ψ , ϕ and f : S r+j → S r be as above. We have
where the product on the right-hand side is the multiplication in the graded bordism ring Ω fr. * (pt.). Proof. Let s ∈ Z denote the algebraic intersection number associated to the intersection of ϕ(S r ) and ψ(Y ). By application of the Whitney trick, we may deform ϕ so that
where the points x i for i = 1, . . . , l all have the same sign. It follows that
For each i ∈ {1, . . . , l}, the framing at x i (induced by the orientations of f (S r ), ψ(Y ) and M ) induces a framing on f −1 (x i ). We denote the element of Ω fr. 1 (pt.) given by f −1 (x i ) with this induced framing by [f −1 (x i )]. By definition of the Pontryagon-Thom map P j (see [16, Section 7] ), the element [f −1 (x i )] is equal to P j ([f ]) for i = 1, . . . , l . Using the equality (10.2), it follows that Λ j (ϕ • f, ψ; M ) = l · P j ([f ]). The proof then follows from the fact that α 0 (ϕ, ψ, M ) is identified with the algebraic intersection number associated to ϕ(S r ) and ψ(Y ).
10.2.
A technical lemma. Before we proceed further, we develop a technical result that will play an important role in the proof of the main theorem of this section. For n ≥ 4, let M be a 2-connected, oriented (2n+1)-dimensional manifold and let P be a 2-connected, oriented k -manifold of dimension n + 1. Let f : (P, ∂ 0 P ) −→ (M, ∂M ) be a k -embedding. Let U be a tubular neighborhood of f β (βP ) ⊂ M whose boundary intersects Int(f (P )) transversally. Denote,
It follows from the fact that ∂U intersects Int(f (P )) transversally that P ′ is a smooth manifold with boundary (after smoothing corners) and that f ′ maps ∂P ′ into ∂M . Let ξ denote the generator of the group Ω fr. 1 (pt.), which is isomorphic to Z/2. Lemma 10.5. Let f : (P, ∂ 0 P ) −→ (M, ∂M ) be as above and let i Z : Z ֒→ M denote the inclusion map. There exists an embedding ϕ : S n+1 −→ Z which satisfies:
i.
Proof. Let φ : S n −→ M be an embedding that satisfies:
• φ is null-homotopic,
• φ(S n ) ∩ (f (P ) ∪ U ) = ∅. By Theorem 7.2 there exists an isotopy of φ to another embedding φ ′ : S n −→ M such that φ ′ (S n ) ∩ U = ∅ and the algebraic intersection number of ϕ(Int(P )) with φ ′ (S n ) is equal to k . Denote byφ : S n −→ Z the map obtained by restricting the codomain of φ ′ . Let f : S n+1 −→ S n represent the generator of π n+1 (S n ) ∼ = Z/2. By Lemma 10.4 it follows that,
1 (pt.) is the Pontryagin-Thom map for framed bordism. Using the main theorem of [15] , we may find a homotopy of the mapφ • f to an embedding f ′ : S n+1 −→ Z . Since the map φ : S n −→ M is null-homotopic, it follows that the composition i Z • f ′ : S n+1 −→ Z is null-homotopic as well. This completes the proof of the lemma.
Modifying Intersections.
We now may state the main result of this section. For n ≥ 4 let M be an oriented, 2-connected manifold of dimension 2n+1. Let P and Q be oriented, 2-connected, k -manifolds of dimension n + 1. The main theorem of this section is the following: Theorem 10.6. With M , P , and Q as above and let
The proof of this result will be given at the end of this section and will depend on several preliminary results.
Proposition 10.7. Let M and P be as above and let X be a smooth manifold of dimension n + 1. Let f : (P, ∂ 0 P ) −→ (M, ∂M ) be a k -embedding and let ϕ : (X, ∂X) −→ (M, ∂M ) be an embedding. Suppose that f and ϕ are transverse and that ϕ(∂X) ∩ f (∂ 0 P ) = ∅. If the integer k is odd, then there exists a diffeotopy,
Proof. By Proposition 7.1, we have
is the Bockstein homomorphism. By (5.2), this Bockstein homomorphism is the zero map for all k (the group Ω SO 1 (pt.) k is equal to zero). It follows that Λ 0 (f β , ϕ; M ) ∈ Ω SO 0 (pt.) is the zero element and thus the algebraic intersection number associated to the intersection f β (βP ) ∩ X is equal to zero. By application of the Whitney trick [17, Theorem 6.6], we may find an diffeotopy of M , relative ∂M , which pushes X off of the submanifold f β (βP ) ⊂ M . Using this, we may now assume that ϕ(X) ∩ f (∂ 1 P ) = ∅.
Let U ⊂ M be a closed tubular neighborhood of f β (βP ), disjoint from X , such that the boundary of U intersects f (P ) transversely. Denote
Notice that P ′ is a manifold with boundary and that f ′ is an embedding which maps (P ′ , ∂P ′ ) into (Z, ∂Z). Furthermore, ϕ maps (X, ∂X) into (Z, ∂Z). To prove the corollary it will suffice to construct a diffeotopy Ψ ′ t : Z −→ Z rel ∂Z such that Ψ ′ 1 (X) ∩ P ′ = ∅. By Theorem 10.3, the obstruction to the existence of such a diffeotopy is the class, α 1 (f ′ , ϕ; Z) ∈ Ω fr 1 (pt.). If α 1 (f ′ , ϕ; Z) is equal to zero, we are done. So suppose that α 1 (f ′ , ϕ; Z) = ξ where ξ is the non-trivial element in Ω fr 1 (pt.) ∼ = Z/2. Denote by i Z : Z ֒→ M the inclusion map. By Lemma 10.5 there exits an embedding φ : S n+1 −→ Z such that:
• α 1 (f ′ , φ; Z) = k · ξ where ξ ∈ Ω fr 1 (pt.) ∼ = Z/2 is the standard generator,
Since k is odd, we have α 1 (f ′ , φ; Z) = ξ . We denote by ϕ : X −→ M the embedding obtained by forming the connected sum of ϕ(X) with i Z • ϕ(S n+1 ) along the thickening of an embedded arc that is disjoint from f (P ), U , and X . Since i Z • ϕ : S n+1 −→ M extends to an embedding of the disk, ϕ is ambient isotopic relative ∂X to ϕ. We have,
and so there exists a diffeotopy
The proof of the result follows from the fact that ϕ is ambient isotopic relative ∂X to ϕ. This concludes the proof of the corollary. 
, it follows that the algebraic intersection number associated to f β and g is a multiple of k . The desired diffeotopy exists by Theorem 7.2.
We can now complete the proof of Theorem 10.6.
Proof of Theorem 10.6. By Proposition 10.8 we may assume that f β (βP ) ∩ g(Q) = ∅. Choose a closed neighborhood U ⊂ M about f β (βP ), disjoint from g(Q), with boundary transverse to f (P ).
With these definitions, P ′ is an oriented manifold with boundary and f ′ : (P ′ , ∂P ′ ) −→ (Z, ∂Z) is an embedding. To finish the proof we then simply apply Proposition 10.7 to the embedding
We now come to an important corollary.
as in the statement of Theorem 10.6. Suppose that the class
∈ Ω SO 0 (pt.) k,k is equal to the class represented by the closed 1-dimensional k, k -manifold +A k . If k is odd then there exists a diffeotopy Ψ t : M −→ M rel ∂M such that the transverse pull-back (
is equal to the class represented by +A k in Ω SO 1 (pt.) k,k , it follows that f ⋔ g is diffeomorphic, as a stably framed k, k -manifold, to the disjoint union of precisely one copy of +A k together with some other oriented k, k -manifold, which we denote by Y , which represents the zero element in Ω SO 0 (pt.) k,k . Denote by A ⊂ M the component of f (P )∩g(Q) that corresponds to the copy of
] \ A, with boundary transverse to both f (P ) and g(Q). Set
Notice that both P ′ and Q ′ are k -manifolds with
We denote by f ′ : P ′ −→ M and g ′ : Q ′ −→ M the k -embeddings given by restricting f and g . By construction, the pull-back f ′ ⋔ g ′ is diffeomorphic, as an oriented k, k -manifold, to Y , which represents the zero element in Ω SO 1 (pt.) k,k . It follows that Λ 1 k,k (f ′ , g ′ ; Z) = 0. Then by Theorem 10.6 we obtain a diffeotopy Ψ t : i. π(v(x)) = π(ψ(x)) for all x ∈ N , where π : T M → M is the bundle projection, ii. for all x ∈ N , the vector v(x) is transverse to the vector subspace ψ(
There is a map
The following is an easy corollary of Theorem 11.1. Proof. This follows immediately from Lemma 11.3 and the fact that both of the diagrams are pullbacks.
Finally we may consider the map
We have the following theorem.
Theorem 11.5. Suppose that dim(P ) < dim(M ). Then the map D k of (11.5) is a weak homotopy equivalence.
Proof. The map from (11.5) induces a map between the two commutative squares in Lemma 11.4. The maps between the entries on the bottom row and the entries on the upper-right are weak homotopy equivalences by Theorem 11.1 and Corollary 11.2. It then follows from Lemma 11.4 that the upper-left map (which is (11.5) is a weak homotopy equivalence.
11.3.
Representing homotopy classes of k -maps by k -immersions. Let P be a kmanifold of dimension p and let h : ∂ 1 × [0, ∞) −→ P be a collar embedding with h −1 (∂ 1 P ) = ∂ 1 P × {0}. We have a bundle map
given by the composition,
where the first map is the bundle isomorphism induced by the collar embedding h. Using this bundle isomorphism Φ * , we define a new space T P as a quotient of T P by identifying two points v, v ′ ∈ T P | ∂ 1 P ⊂ T P if and only if Φ * v = Φ * v ′ . With this definition, there is a natural projection π : T P −→ P which makes the diagram
commute. It is easy to very that the projection map π : T P −→ P is a vector bundle and that the upper-horizontal map in the above diagram is a bundle map that is an isomorphism on each fibre.
Definition 11.2. The k -manifold P is said to be parallelizable if the induced vector bundle π : T P → P is trivial.
Corollary 11.6. Let P be a k -manifold and let M be a manifold of dimension greater than dim(P ). Let f : P −→ M be a k -map and consider the induced map f : P −→ M . Suppose that the pull-back bundle f * (T M ) −→ P is trivial. Then f is homotopic through k -maps to a k -immersion.
Proof. Since both T P → P and f * (T M ) → P are trivial, we may choose a bundle injection T P → f * (T M ) covering the identity on P and hence a fibrewise injective bundle map ψ : T P −→ T M that covers the map f . From the bundle map ψ , we can construct an element ψ ∈ Imm f k (P, M ) whose underlying k -map is f . It then follows from Theorem 11.5 that there exists a k -immersion φ ∈ Imm k (P, M ) such that D(φ) is on the same path component as ψ . It then follows that φ is homotopic through k -maps to the map that underlies ψ , which is f . This completes the proof of the corollary.
The self-intersections of a k -immersion.
For what follows let M be a manifold of dimension m and let P be a k -manifold of dimension p. We will need to analyze the selfintersections of k -immersions P → M . Definition 11.3. For M a manifold and P a k -manifold, a k -immersion f : P −→ M is said to be in general position if the following conditions are met:
i. The immersion f β : βP → M is self-transverse.
ii. The restriction map f | Int(P ) : Int(P ) −→ M is a self-transverse immersion and is transverse to the immersed submanifold f β (βP ).
Let f : P −→ M be a k -immersion that is in general position. Letq : P −→ P denote the quotient projection and let △ P ⊂ P × P be the subspace defined by setting △ P = (q ×q) −1 (△ P ), where △ P ⊂ P × P is the diagonal subspace. It follows from Definition 11.3 that the map
By the techniques of Section 7.4, Σ f has the structure of a k, k -manifold with
The involution
restricts to an involution on Σ f ⊂ P × P \ △ P which we denote by
It is clear that the involution T Σ f has no fixed-points. Since
We sum up the observations made above into the following proposition.
Proposition 11.7. Let P be an oriented k -manifold of dimension p and let M be an oriented manifold of dimension m. Let f : P −→ M be a k -immersion which is in general position. Then the double-point set Σ f has the structure of an oriented k, k -manifold of dimension 2p−m, equipped with a free involution
Furthermore, the involution preserves orientation if m − p is even and reverses orientation if m − p is odd.
11.5. Modifying Self-Intersections. In this section, we develop a technique for eliminating the self-intersections of a k -immersion P → M by deforming the k -immersion to a k -embedding via a homotopy through k -maps. We will solve this problem in the special case that P is a 2-connected, oriented (2n + 1)-dimensional k -manifold and M is a 2-connected, oriented (4n + 1)-dimensional manifold and n ≥ 2. By Proposition 11.7, if f : P −→ M is such a k -immersion in general position then the double-point set Σ f is a 1-dimensional k, k -manifold with an orientation preserving, free involution
We will need the following lemma.
Lemma 11.8. Let N be a 1-dimensional, closed, oriented, k, k -manifold. Suppose that N is equipped with an orientation preserving, free involution T :
Proof. We prove this by contradiction. Suppose that β 1 N = + j ⊔ − l where j = l . Since T preserves orientation and T (∂ 1 N ) = ∂ 2 N and T (∂ 2 N ) = ∂ 1 N , it follows that β 2 N = + j ⊔ − l as well. If we forget the k, k -structure on N , then N is just an oriented, 1-dimensional manifold with boundary equal to + 2 · k · j ⊔ − 2 · k · l . However, there is no oriented, one dimensional manifold with boundary equal to + 2 · k · j ⊔ − 2 · k · l . This yields a contradiction and completes the proof of the lemma.
Proposition 11.9. Let P be a closed k -manifold of dimension 2n + 1, let M be a manifold of dimension 4n + 1 and let f : P −→ M be a k -immersion. Then there is a regular homotopy (through k -immersions) of f to a k -immersion f ′ : P −→ M such that
Proof. First, by choosing a small, regular homotopy, we may assume that f is in general position. Since βP is a closed 2n-dimensional manifold and 2n < 4n+1 2 , the fact that f is in general position implies that f β : βP −→ M is an embedding. Consider the intersection f β (βP ) ∩ f (Int(P )). We choose a closed, disk neighborhood U ⊂ Int(P ) that contains f −1 (f (Int(P ))), such that the restriction f | U : U −→ M is an embedding. By Lemma 11.8 it follows that f | −1 U (f β (βP )) ∼ = β 1 Σ f ∼ = + j ⊔ − j for some integer j . It follows that the algebraic intersection number associated to f (U ) ∩ f β (βP ) is equal to zero. By the Whitney trick we may find an isotopy through embeddings φ t : U −→ M with φ 0 = f | U and φ t | ∂U for all t ∈ [0, 1], such that φ 1 (U ) ∩ f β (βP ). Extending this isotopy by the identity over the rest of P yields the proof of the proposition.
Corollary 11.10. Let P be a 2-connected, closed, oriented k -manifold of dimension 2n+1. Let M be a 2-connected, oriented, manifold of dimension 4n + 1 and let f : P −→ M be a k -immersion. Then f is homotopic through k -maps to a k -embedding.
Proof. Assume that f be self-transverse. By the previous proposition we may assume that f β : P −→ M is an embedding and that β 1 Σ f = ∅. We may choose a collar embedding h : ∂ 1 P × [0, ∞) −→ P with h −1 (∂P ) = ∂P 1 × {0} such that for each i ∈ k , the restriction map
is an embedding, where ∂ i 1 P = Φ −1 (βP × {i}). Now let U ⊂ M be a closed tubular neighborhood disjoint from the image of P \ h(∂ 1 P × [0, ∞)) under f and with boundary transverse to f (P ). We define, Z := M \ Int(U ),
The corollary will be proven if we can find a homotopy of f ′ , relative ∂P ′ , to a map f ′′ : P ′ −→ M which is an embedding. Using the 2-connectivity of P ′ and M , the existence of such a homotopy follows from [12, Theorem 1.1].
11.6. Proof of Theorem 5.4. We are now in a position to prove Theorem 5.4 from Section 5.4. It follows as a corollary of the results developed throughout this section. Here is theorem restated again for the convenience of the reader.
Theorem 11.11. Let n ≥ 2 and k > 2 be an odd integer. Let M be a 2-connected, oriented manifold of dimension 4n + 1. Then any k -map f : V 2n+1 k −→ M is homotopic through k -maps to a k -embedding.
Proof. Since M is 2-connected, it follows that the map map induced by f , f : V 2n+1 k −→ M extends to a map M (Z/k, 2n) −→ M , where M (Z/k, 2n) (see Lemma 5.2) . It then follows that the vector bundle f * (T M ) −→ P is classified by a map V 2n+1 k −→ BSO that factors through a map M (Z/k, 2n) −→ BSO . When k is odd, the group π 2n (BSO; Z/k) is trivial. It follows that the bundle f * (T M ) −→ P is trivial. Now, it is easy to verify that the k -manifold V 2n+1 k is parallelizable (see Section 11.3). It then follows from Corollary 11.6 that the map f is homotopic through k -maps to a k -immersion, which we denote by f ′ : V Here, we give a proof of Theorem 7.2. Let M be an oriented manifold of dimension m, let Q ⊂ M be an oriented submanifold of dimension q , and let P be an oriented k -manifold of dimension p. Suppose that
• both P and Q are path-connected, • M is simply connected, • m ≥ 6, • p + q = m, • p, q ≥ 2. Let f : (P, ∂ 0 P ) −→ (M, ∂M ) a k -embedding transverse to Q ⊂ M . Using the identification Ω SO 0 (pt.) k ∼ = Z/k , the following result implies Theorem 7.2 from Section 7.3. Theorem A.1. Suppose that the oriented algebraic intersection number associated to f (Int(P ))∩Q is equal to n mod k . Then given any positive integer l , there exists a diffeotopy Ψ t : M −→ M rel ∂M such that, Ψ 1 (ϕ(X)) ∩ f (Int(P )) ∼ = + n + l · k .
Proof. It will suffice to prove the following: Suppose that f (P ) ∩ Q = {x 1 , . . . , x k } where each point x i is positively oriented (with respect to the orientation induced by f (P ), Q, and M ). Then there is a diffeotopy R t : M −→ M rel ∂M such that R 1 (Q) ∩ f (P ) = ∅.
Construction A.1. LetΦ : ∂ 1 P → β 1 P denote the the composition, ∂ 1 P Φ ∼ = / / β 1 P × k proj βP / / β 1 P.
For each i ∈ k , let ∂ i 1 P denote the pre-image Φ −1 (∂ 1 P × {i}). Then let h : ∂ 1 P × [0, ∞) −→ P be a collar embedding with h −1 (∂ 1 P ) = ∂ 1 P × {0}.
(1) Choose embeddings γ i : [0, 1] −→ P for i = 1, . . . , k , subject to the following conditions:
i. γ i (0) = x i and γ i (1) ∈ ∂ i 1 P for i = 1, . . . , k . ii. There is a point y ∈ βV such thatΦ(γ i (1)) = y for all i.
iii. γ i (1 − t) = h(γ i (1), t) for t ∈ [0, Notice that condition iii. implies that f (γ i (1)) = f β (y) for all i ∈ k .
(2) Choose embeddings α i : I −→ Q for i = 1, . . . , k − 1, subject to the following conditions:
i. α i (0) = x i and α i (1) = x i+1 , ii. α i ((0, 1)) ∩ α j ((0, 1)) = ∅ when i = j .
Notice that with the paths α i and γ i chosen as above, for each i ∈ k the composite path given by, (f •γ i ) ⋆ α i ⋆ (f • γ i+1 ) forms a loop in M . Since M is simply connected, these loops are all trivial. 
Since M is simply-connected, each ϕ i : ∂△ 2 −→ M extends to an embeddingφ i : △ 2 −→ M which satisfies:
Denote by B k the space obtained from the disjoint union ). For what follows we choose a metric on M such that the submanifolds Q and P intersect orthogonally in M with respect to this metric. We construct the frame (v 1 , . . . , v p−1 , w 1 , . . . w q−1 ) in stages.
(a) At the pointŷ := f β (y), we choose a (q − 1)-frame of orthogonal vectors (v 1 (ŷ), . . . , v q−1 (ŷ)) in TŷM , such that (ζ(ŷ), v 1 (ŷ), . . . , v q−1 (ŷ)) is a positively oriented basis of the normal bundle νŷ(f (P ), M ).
(b) Extend the (q−1)-frame chosen in step (a) to a frame of orthogonal vector fields (v 1 , . . . , v q−1 ) defined over the the paths γ i for i = 1, . . . , k .
(c) Notice that at the points of intersection x i = γ i (0) ∈ f (P ) ∩ Q, i = 1, . . . , k , the basis (ζ(x i ), v 1 (x i ), . . . , v q−1 (x i )) is positively oriented in the normal bundle ν x i (P, M ). Furthermore, since by hypothesis the intersection points x 1 , . . . , x k are all positively oriented, it follows that the bases (ζ(x i ), v 1 (x i ), . . . , v n−1 (x i )) are positively oriented in T x i Q as well. We wish to extend this frame over the rest of ψ(B k ) = k−1 i=1 ψ(△ 2 i ) so that it is orthogonal to ψ(B k ). By construction, the frame (v 1 , . . . , v q−1 ) is orthogonal to ψ(B k ) everywhere that it is defined. Since △ 2 i is contractible, the normal bundle of ψ(△ 2 i ) in M is trivial. Since the space V q−1 (R p+q−p ) of (q − 1)-frames is simply connected when p ≥ 3. It follows from basic obstruction theory that there exists such an extension of the (q − 1)-frame (v 1 , . . . , v q−1 ) over each ψ(△ 2 i ) and hence over all of ψ(B k ). (f) We now choose an orthogonal (p − 1)-frame (w 1 , . . . , w p−1 ) over ψ(B k ) that is orthogonal to the (q + 1)-frame (ζ, τ, v 1 , . . . , v q−1 ) at all points. The existence of such a frame follows again from the triviality of the normal bundle of ψ(B k ) ⊂ M .
(g) We now have a (p + q − 2)-frame (v 1 , . . . , v q−1 , w 1 , . . . , w p−1 ) defined over ψ(B k ) which satisfies the necessary conditions. We now just need to extend this frame to the rest of ψ(I 2 ). There is no obstruction to defining such an extension since the inclusion B k ֒→ I 2 is a deformation retract.
This concludes the proof of Proposition A.2.
